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Abstract 

The risk of a financial position is usually summarized by a risk 
measure. As this risk measure has to be estimated from historical 
data, it is important to be able to verify and compare competing es- 
timation procedures. In statistical decision theory, risk measures for 
which such verification and comparison is possible, are called elic- 
itable. It is known that quantile based risk measures such as value 
at risk are elicitable. In this paper we show that law-invariant spec- 
tral risk measures such as expected shortfall are not elicitable unless 
they reduce to minus the expected value. Hence, it is unclear how 
to perform forecast verification or comparison. However, the class of 
elicitable law-invariant coherent risk measures does not reduce to mi- 
nus the expected value. We show that it contains expectiles, and that 
they play a special role amongst all elicitable law-invariant coherent 
risk measures. 

Keywords: Coherent risk measures; Decision theory; Elicitability; Expected 
shortfall; Expectiles; Law-invariant risk measures; Spectral risk measures 



1 Introduction 

Value at Risk (VaR) is the most common risk measure used in banking and 
finance. The VaR at level a G (0, 1) is given by 

VaR„(F) = - inf{x G M | Fy (x) > a}, 

where the financial position y is a real- valued random variable , and Fy is its 



cumulative distribution function. Since the influential paper of lArtzner et al. 
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(119991 ) introduced coherent risk measures, VaR has frequently been criticized 
as a risk measure be cause it fails t o be subadditive, and hence it is not coher- 
ent; see for example lAcerbil (120021 ) . Other authors have pointed out the lack 
of VaR to adequate l y acco unt for the size of losses beyond the threshold 



a (jDanielsson et al.l . l200ll ). The iBasel Committe on Banking Supervision 



( 2OI2I ) has been investigating the points in favor of and against a change of 



the regulatory risk measure from VaR to the coherent risk measure expected 
shortfall (ES), also known as average or conditional value at risk, which is 
defined by 

ES«(F) = - [ VaRr(Y)dT. 
« Jo 

From the perspective of coherent risk measures, ES is a better alternative 
to VaR. It remedies both problems mentioned above: It is a coherent risk 
measure, and it is sensitive to the sizes of the potential losses beyond the 
threshold a. Other popular coheren t risk rneasure s are the so-called spectral 
risk measures, which generalize ES (lAcerbi l2002l ). 

However, despite their theoretical appeal, there are also major drawbacks 
to using spectral risk meas ures in risk management, which should not be ne- 
glected. ICont et al.l ( I2OIOI ) show that there is a fundamental theoretical con- 
flict between subadditivity and robustness of risk measurement procedures 
for spectral risk measures. They state 

We hope to have convinced the reader that there is more to risk 
measurement than the choice of a 'risk measure': statistical ro- 
bustness, and not only 'coherence', should be a concern for regula- 
tors and end-users when choosing or designing risk measurement 
procedures. The design of robust risk estimation procedures re- 
quires the explicit inclusion of the statistical estimation step in 
the analysis of the risk measurement procedure. 

The next step bey ond estimation is backtesting or forecast verification. Fol- 
lowing the ideas of iGneitingI (1201 ll ). in this paper we consider risk measures 
from a forecasting perspective. With our knowledge of today, we are trying 
to give the best possible point estimate of the risk measure for tomorrow, or 
ten days ahead, or for any other time point in the future. If we re strict our 
attention to law-invariant coherent risk measures as introduced bv iKusuoka 
(1200 ll ) we can view them as functionals on some set V of probability dis- 
tributions on M. From the viewpoint of statistical decision t heory not all 
functionals allow for meaningful point forecasts; see iGneitingI ( 1201 ll ). Func- 
tionals for which meaningful point forecasts are possible are called elicitable; 
see Section [2] for details. One important example of elicitable functionals are 
quantiles, hence VaR is elicitable. 
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Gneitingl (j201l[ ) has shown that ES is not ehcitable, which may be a 
partial explanation for the difficulties with robust estimation and backtesting. 
This raises the natural question whether there is a better option. Is there 
any (interesting) law-invariant coherent risk measure that is also an elicitable 
functional? We show that the only law-invariant spectral risk measure that 
is also elicitable is minus the expected value: 

p{Y) = -E[F]; 

see Corollary 14.31 However, there are law-invariant coherent risk measures 
that are elicitable. The most promine r it exa mples are expectiles which were 
first introduced by Newev and Powell ( 1987 ). They have been considered as 
a risk measure bv lKuan et all tOO^ . Proposition 14.41 shows t hat they are 



coherent risk measures. A proof of this result also appears in iBellini et al 



(I2OI3I ) using a different approach. Proposition 14.41 also id entifies the minimal 
generating set of the Kusuoka representation as defined in lPichler and Shapiro 
(120121 . Definition 2.3). Furthermore, expectiles are lower bounds for elicitable 
law-invariant coherent risk measures. Theorem 14.11 also provides an upper 
bound on such risk measures; see Section 14.31 

In the literature, there are proc edures for evalua t ing E S forecasts and 
that a llow for tests; see for example iMcNeil and Freyl (120001 ): IChristoffersen 
(120031 ). However, these methods do not allow for a direct comparison and 
ranking of the predictive performance of competing forecasting methods 
(lGneitingl . EoTlh . 

The non-elicitability of spectral risk measures, and in particular of ES, 
i s the rea s on th at there is no analogue to the quantile regression method 
(IKoenkerl. 120051) for t hese functionals, and no M-estimators can be con- 
structed. I Chun et al.l (12012! ) construct a mixed quantile estima tor for ES as 
an app roximation to an M-estimator. The recent contribution of lRockafellar et al 
( 2OI3I ) takes this approach further and proposes a framework for 'generalized' 



regression that is suitable for ES. However, the problem with forecast evalu- 
ation remains. 

The paper is organized as follows. In Section [2] we introduce the no- 
tion of elicitability and describe its importance in point forecasting. A brief 
introduction to law-invariant coherent risk measures is given in Section [31 
Section H] contains the main results of the paper, showing in particular that 
law-invariant spectral risk measures are not elicitable, and elaborating the 
prominent role of expectiles in the class of elicitable law-invariant coherent 
risk measures. We conclude the paper with a discussion; see Section [51 
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2 Elicitability 



Let V he a class of probability measures on M with the Borel sigma algebra. 
We consider a functional 

u-.V ^2^, iy{P) C M, 

where 2^*^ denotes the power set of M. Often, but not always, z^(-P) is single 
valued, for example if we consider the expectation functional E on the class 
of all probability measures with finite mean. However, quantile functionals 
may be set-valued. In the case of single valued functionals we will confound 
the one-point set i^(-P) with its unique element. 

In this paper we are interested in the statistical properties of functionals 
that are law-invariant coherent risk measures; see Section [31 The following 
notions are central in the context of point forecasting. Let F be a real-valued 
random variable, which models the future observation of interest. 

Definition 2.1. A scoring function s : M x M — ^ [0, oo) is consistent for the 
functional u relative to the class V, if 

Eps{t,Y) <Eps{x,Y) (1) 

for all P G P, all t G i^{P), and all x G M. Here, Y has distribution P. It is 
strictly consistent if it is consistent and equality in ([1]) implies that x G i^{P)- 

Given a consistent scoring function for a functional u, an optimal forecast 
X for z/(P) is given by 

X = argmin^ Kps{x,Y). 

Competing forecast procedures for can be compared using the scoring func- 
tion s. Suppose that in n forecast cases we have point forecasts x^^\ . . . , Xn\ 
k = 1, . . . ,K, and realizing observations yi, . . . ,yn- The index k numbers 
the K competing forecast procedures. We can rank the procedures by their 
average score 



n 



The consistency of the scoring rule for the functional u ensures that accurate 
forecasts of z^(P) are rewarded. On the contrary, evaluating point forecasts 
with respect to 'some' scoring function, which is not consistent for z/, may lead 
to grossly misguided conclusions about the qua lity of the forecasts. A drastic 



example is provided in the simulation study of iGneitingI (l201ll . Section 1.2). 
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Summarized in rough terms, one can construct realistic examples where the 
performance of skilful statistical forecasts is ranked worse than an ignorant 
no-change forecast when evaluated by 'some' scoring function, such as the 
absolute error or the squared error, for example. Therefore, point forecasts 
for a functional v have to be evaluated by means of a scoring function, which 
is consistent for v. 

Definition 2.2. A functional v is elicitable relative to the class V, if there 
exists a scoring function s which is strictly consistent for u relative to V. 

Man y interest i ng fu nctionals are elicitable and a wealth of examples is 



given in iGneitingi (120111 ) . The most prominent example concerning risk man- 



agement may be VaR, which is essentially a quantile and as such elicitable. 
The sco ring functions th a t are con s istent for a-qua ntiles have been character- 
ized by iThomsonI (119791 ) ; ISaerend (120001 ) ; see also iGneitingI (120 111 . Theorem 
9). Subject to some regularity and integrability conditions, they are given 
by 

s{x, y) = {l{x >y}- a){g{x) - g{y)), 

where g is an increasing function and 1 denotes the indicator function. 

However, not all functionals are elicitable, the most prominent example 
in the p r esent context b eing ES. The fo l lowiii g necessary condition is due to 
Osbandl (119851 ) ; see also iLambert et al.l (120081 ) . As this theorem is central to 
the results presented in this paper, we provide a proof. 

Theorem 2.1. An elicitable functional v has convex level sets in the follow- 
ing sense: If Pq E V and Pi G V, and P* = pPo + (1 — p)Pi G V for some 
p G (0, 1), then t G iy{Po) and t G iy{Pi) imply t G iy{P*)- 

Proof. Let s be a strictly consistent scoring function for u and let Pq, Pi, P*, 
p and t be as required in the Theorem. Then we obtain for any x G M that 



Ep,s(t, Y) = pEp,s{t, Y) + {1~ p)EpXt, Y) 
< pEp,s{x, Y) + {1- p)EpXx, Y) 



Ep.s(x,F), 



hence t G u{P* 



□ 



3 Coherent risk measures 

Let J-", P) be a standard probability space without atoms. A coherent 
risk measure is a map p : L°°{Q,J^, P) — )■ M, which fulfils the following four 
properties. It is monotone, so X >Y implies p{X) < p{Y); it is subadditive. 
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that is p{X+Y) < p{X)+p{Y) for all X,Y e L°°{Q, J", P); it is homogeneous, 
i.e. for A > 0, it holds that p{XY) = Xp{Y). Finally, it is translation invariant 
in the sense that for all a G M, we have p(Y + a) = p(Y) 



a. 



Coherent r isk rn easur es were introduced bv lArtzner et al.l (119991 ) ; see 
also belbaenl (120021 ) and iFoUmer and Schiedl (I2004J . Chapter 4). All com- 
mon coherent risk measures used in applications, share the property of law- 
invariance. That is, if X and Y have the same distribution P on R, then 

piP) := piX) = piY). 



Law-invariant risk measu res were cha r acteri zed by iKusuokal (120011 ). His re- 
sult was strengthened by lJouini et al.l (120061 ). We summarize the result that 
is relevant for this paper in the following theorem. Let ^ denote the set of all 
probability measures on [0, 1] with the weak topology. For a cumulative dis- 
tribution function F : M — )• [0, 1] we define its generalized inverse or quantile 
function by 

F'^ : [0, 1] ^ R, a ^ inf{x G M | F{x) > a}. 

Theorem 3.1 (Kusuoka). Let p be a law-invariant coherent risk measure. 
Then there exists a closed convex sei C *P such that 



p{Y) = - inf / UaiY)dm{a) 



where 



1 

U^{Y) := - / Fy\u)du, a G (0, 1], 
" Jo 

and Uo{Y) = ess inf F. 

For m e^,Y e P) we define 



'^miy) = / U^{Y)m{da). (2) 

■^[0,1] 

Up to the sign, the are exactly the spectral risk measures of lAcerbi (l2002h . 
The following alternative representation of i>m will be useful in the following. 
It is a direct consequence of Fubini's theorem. 



u^Y) = / U^iY)m{da) + m({0})f/o(F) 

'{0,1] 

- / l{u< a}Fy\u)du m{da) + m({0})t/o(r) 
'(0,1] J [0,1] 



-m{da)Fy^{u)du + m({0})t/o(r) 

(0,1] J[u,l] " 

ng^{U)Fy\U))+mm)UoiY), 



(3) 
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where U is standard uniformly distributed, and g„ 
by ^ 

9m{u) = I -m{da). 



(0, 1] — )■ [0, oo) is given 



a 



Following iPichler and Shapirol (120 12h we call gm the spectral function of m e 
It is left-continuous, decreasing and gm{u)du = m((0, 1]) < 1. This im- 
plies in particular that the functional VmiX) is finite for all Y G J-", P). 
We call the function p gm{u)du the integrated spectral function of m. As 
i^m is law- invariant, we will also write //^(-P) := v-miX) if ^ has distribution 
P. 



4 Coherence and elicitability 

4.1 Coherent functionals with convex level sets 

If a functional v is not elicitable with respect to a class of probability distribu- 
tions Vq, then it cannot be elicitable with respect to any larger class V D Vq. 
In particular, if the functional u does not have convex level sets in the sense 
of Theorem 12 .11 for some class Vo, it will fail to have convex level sets for any 
larger class V containing Vq. A simple class V* of probability distributions, 
that has proven useful to show the violations of the necessary condition for 
elicitability in Theorem 12.11 is the class of two-point distributions, that is 

V* = {pS, + (1 - p)Sy \x,yeR,x<y,pe[0, 1]}, (4) 

where is the Dirac measure at the point x G M. 

The following theorem summarizes the main results of this paper. 

Theorem 4.1. Let V* be the class of two-point distributions on R; see (jl]). 

Let C *p 6e a closed set of probability measures on [0,1], that does not 
contain 6o- If the functional 

u -.V* ^R, u{P) = inf Um{P), 

with Vm defined at ([2]), has convex level sets, then m({0}) = for all m E Ai , 
and there exits a C G (0, 1] such that all probability measures 

'^^ = p{f-cHc^^ + p{i-c) + c^'^ 
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are contained in M.. Furthermore, for all measures m E Ai, their spectral 
function is bounded above by 



0„: [0,1] ^[0,1], ^ 



and below by 



and 



g,: [0,1] ^[0,1], p^ 



C{l-p)+p' 

c 

C{l-p)+p' 



0-^'^''^ cT-7lp ^ pe[0,l]. (6) 

The inequality is strict for all p G (0, 1) unless m = rUg for some q G (0, 1). 

The proof of Theorem 14.11 is deferred to Section 14.41 The lower bound in 
and the integrated spectral functions of nip are illustrated in Figure [TJ 

4.2 Spectral risk measures 

The first corollary to Theorem 14.11 shows that none of the coherent risk 



measures considered in lPichler and Shapiro! ( 12 0121 . Example 3) are elicitable, 



unless they reduce to minus the expected value. 



Corollary 4.2. Suppose the functional v in Theorem |^.i| has convex level 
sets and there is a finite set M.^ c % such that 

v{P)= inf z/^(P), PGP*, 

then M.Q = {6i} and 

u{P)=Ep{Y). 

Proof. By Theorem 14.11 the closed set Aio is uncountable unless C = 1. If 
C = 1, then flu = 0^ = 1, hence the only measure in A^o is 5i- □ 

Now, it follows easily that elicitable spectral risk measures are essentially 
the expected value. 

Corollary 4.3. Spectral risk measures, other than minus the expected value, 
are not elicitable relative to any class of probability distributions that contains 
the two-point distributions. 



Proof. This is a direct consequence of Theorem 12.11 and Corollary 14.21 □ 



8 



4.3 Expectiles 

Theorem 14. II provides an upper and a lower bound on a potentially elicitable 
law-invariant coherent risk measures p via the provided restrictions on the 
integrated spectral functions. This is illustrated in Figure [H and details are 
given below. 

Let C ^ be a closed set such that 

p(X) = - inf z/^(X), X G L°°(fi,^,P). 



By iDanal (120051 . Lemma 2.2) equation 
exists a C G (0, 1] such that 



p(X) < Uc{X) := - /' 
Jo 



of Theorem 14.11 implies that there 



C 



{v + C{l~v)f ^ ^ ' 



The map Uc : J-", P) — )■ M is a spectral risk measure with spectral 

function g{y) = C /{y + C(l — f))^ for v G (0, 1]. The associated measure 
m G *P has density 2C(1 — C)v/{y + C(l — v)Y on (0, 1) and a point mass 
C at f = 1. The integrated spectral function g{v)dv is illustrated as a 
dashed line in Figure [H By Corollary 14. 3[ the spectral risk measure Uc is not 
elicitable unless C = 1. In this case, it reduces to minus the expected value. 
For the lower bound, we define 



-Mc:={mpG^|pG(0,l)}, 
where is given at (jS])- By Theorem 14.11 we obtain 



p{X) > IciX) :- 



inf u^X), X eL^in,J',P). (7) 

m&Mc 



In the remainder of this section we characterize the law-invariant coherent 
risk measure Ic- 



As introduced in iNewev and Powelll fll987l ). the r-expectile fir{X), r G 
(0, 1), of a random variable with finite mean is the unique solution x = PriX) 
to the equation 



r 



(y - x)dFx{y) 



1 



T 



[x - y)dFx{y). 



Bellini et al.l (120131 ) show that (up to the sign) expectiles are law-invariant 
coherent risk measures for r G (0, 1/2]. As mentioned in introduction, expec- 
tiles are elicitable. The scoring functions that are consistent for r-expectiles 
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was recently characterized by lGneitingl (120111 . Theorem 10). Subject to some 
regularity and integrability conditions, they are given by 



s{x,y) = \l{x >y}- r\{g{y) - g{x) - g\x){y - x)), 

where g is a. convex function with subgradient g'. The prominent role of 
expectiles as elicitable law-invariant coherent risk measures is underlined by 
the following proposition. 

Proposition 4.4. The law-invariant coherent risk measure ic defined at ([7]) 
is minus the r-expectile for 

r:=^ e(0.||. 

Remark 4.5. In order to check whether a given law-invariant coherent risk 
measure p falls between the necessary bounds Uc, ic for elicitability, the 
constant C has to be determined. It follows from the proof of Theorem 14.11 
that if p is elicitable then it has to hold that 

P(P^o + {l-p)S.) = -^^^0^, PG(0,1). 

This equation can be solved for C. If the solutions for different p yield 
different values for C, then p cannot be elicitable. If there is a unique C, 
then one can check the bounds Uc and Ic- 

Proof of Proposition \4-4\ Let X a random variable with finite first moment, 
F := Fx, and p := Pt{X) its r-expectile with t = C/{C + 1). We define 

p*:=Fip). 

We will show that z/m^, (X) = p and that //^^(X) is minimal at p = p*. If 
F is continuous the latter claim can alternatively be shown by methods of 
calculus. We show the claims directly in order to avoid case distinctions. 
For p G (0, 1), we obtain with defined at 

ydF{y) + — T^r— / ydF{y) 



pil-C)+p p(l - C) + p j p-i(p) 
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wh ere we used lAcerbi and Taschd (|2002| . Proposition 3.2) in the second step. 



Newey and Powell! (119871 . Theorem 1) show that p* G (0, 1). Using ([H]) we 



obtain 



ydF{y) + C ydF{y) 

D J fl 

/fl POO pii pii 

ydF{y) + C / ^idF{y) + / ^xdF{y) - / ydF{y) 
OO J fl J —OO J —CO 

= Cfi{l - + fiFifi) = fi{p*{l - C) + C). 



(9) 



Let e > such that p := p* + e G (0, 1). Then, using equation ([9]) and partial 
integration, we obtain 



1 



p{l-C) + C 
+ / ydF{y) - C 



POO 

ydF{y) + C ydF{y) 

J IL 



F'Hp) 

ydF{y) 

+ (l-C)F-\p){p-FiF-\p)))) 

p{l-C) + C 
+ . ^ ( F~\p)FiF-\p)) - 



p{l ~C) + C 

F-i(p) 

F{t)dt + F-\p)p - F~\p)F{F-\p)) 



/i 



fie{l-C) 
p{l-C) + C 
1-C 



p{l-C) + C 

1-C 
p{l-C) + C 



F ^ {p)p - fip + fie 



f-Hp) 



F{t)dt 



p{F-\p)-fi) 



f-Hp) 



F{t)dt]. 



The last term in the above equation is always non-negative. It vanishes for 
p = p* 1 hence z/^^. (X) < Vmp{X) for all p > p*. The argument for p < p* is 
completely analogous. □ 

It remains an open question whether there are further elicitable law- 
invariant coherent risk measures besides expectiles. 
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Figure 1: Integrated spectral functions. In both panels, the dashed lines 
are the integrated spectral functions of — Uc and the solid lines are those of 
I'mo.a and h'mo.s as examples. For comparison, the dotted line is the integrated 
spectral function of —ESq- 



4.4 Proof of Theorem 14.11 

For each m G A^, < pi < p2 ^ 1, we define 



P2 



-Pm(Pl,P2) = / gm{v)dv, Pm(0,P2) 
Jpi 

Using Fubini we obtain 



P2 



gm{v)dv + m({0}) 



PmiPl,P2) 



P2 



—m{da)dv 



Pi A] 



a 



dvm(da) 



pi 



aAp2-pi 



a 



m{da) (10) 



For all q G (0, 1], the set 



C, = {(i'^(0,g),P„(g,l))G 



m 



eM} 



is a subset of the unit simplex in because -Pm(0, q) + Pm{q, 1) = 1- The set 
Cq is also closed, which can be seen using Helly's theorem, the fact that A4 
is closed, and the representation of of Pm{q, 1) at ffTUl) . Let ag := sup{a G 
[0, 1] I (a, 1 — a) G Cq} be the lower boundary point of Cq] see Figure [2] for 
an illustration. As Cq is closed, the supremum is attained and there is an 
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1 



Figure 2: Illustration of the construction in the proof of Theorem 14.11 

rUg G Ai such that P^^ = (a^, 1 — a^). Note that > 0. Suppose the 
contrary, then 



Jo 

which implies mg({0}) = and gmqiy) = for f G (0,g], hence g^q = 
because Qm is decreasing and non-negative. This is a contradiction because 



If q* = 0, then Oq = 1 for all q G (0, 1], hence 1 — = gmg{v)dv = 0. This 
implies mg{[q, 1]) = for all q G (0, 1], and hence rrig converges weakly to 6o 
as g — )■ 0. As is closed this is a contradiction to the assumption 6o ^ Ai. 
Therefore, q* > 0. We will conclude later that, actually, q* = 1. 

Let A = {x = {xi,X2) G I xi < X2}. For (xi,X2) e A, p e [0, 1] the 
distribution function F of pS^^ + (1 — p)6x2 has generalized inverse F^^{v) = 
Xil{v < p} + X2l{v > p}, V G (0, 1]. This yields using 



i^mipSxi + (1 - p)Sx2) =xi gm{v)dv + X2 gm{v)dv + m({0})xi 





The function (0, 1] — j- (0, 1], g h-;- aq is increasing. Define 

q* := inf{g G (0, 1] | a, = 1}. 



(11) 





Pm{0,p)xi + Pm{l -p, 1)X2 



13 



hence 



^{P^xi + (1 - V)^X2) = inf. ^miP^xi + (1 - P)Sx2) 



= inf (axi + (1 — a)x2) 

= ttgXi + (1 - ag)x2 = lymgipSxi + (1 -p)5x'2)- 

Let xi = Z2 = 1, g e (0, q*). Then < < 1. All ?/ = (yi, 1/2) G ^ with 
z/(5i) = 1 = i'{j)5y^ + (1 ~ P)^y2) given by 

yi = 1 - c, ?/2 = + a 

for M = -aq/{l - ag) G (-00, 0), a = 1 - M and c > 0; cf. Figure H Note 
that Vi < Xi < X2 < y2- Convexity of the level sets of u implies that for all 
m G A^, all f G (0, 1] and all c > 0, we have 

1 < r^mCPiviqSy^ + (1 - q)Sy2) + (1 - v){qS,, + (1 - q)6,,)) 
= Pm{0, qv)yi + Pmiqv, q)xi + P„(g, l-v + qv)x2 + - + gt;, l)?/2 
= z^m(5i) + Pm(0, qv){yi - xi) + Pm(l -v + qv, l){y2 - X2) 
= 1 - cP^(0, g^;) - cMP^{l -v + qv,l), 



hence, 



Pm(0, gt;) < -^Prr^l -v + qv,l). (12) 



1 - 



We have lim^4,o Pm(0, gt;) = m({0}), and lim^^o Pm(l-f + gt;, 1) = Pm(l, 1) = 
0, hence it follows that m({0}) = for all m G Ai. Equation f|T2l) also 
implies that gmi.'^) > for all v G (0,1), m G Ai. Suppose the contrary. 
Then there is a w* G (0, 1) such that gm{v) = for all v G {w*, 1], which 
implies Pm{l -v* + qv*, 1) = for some v* G (0, 1). Now ([I2D yields gm = 0, 
which is a contradiction because m({0}) = 0. Going back to the definition 
of g* at ffTTl) we obtain in particular that 1 — Op = Jp gmp{v)dv > for all 
p G (0, 1). Therefore, g* = 1. 
For m = mg we obtain 

^"^^ - ^!^f"'^^'^ + (1 - - 1), 

hence 

^m,(0,gt;)(P„^,(g, 1 - v + qv) + P™,(1 - + gt;, 1)) 

< (P^,(0, gt;) + P™,(gt;, g))Pm,(l -v + qv, 1) 
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which yields 

Pm,{0,qv)Pm,{q,l - V + qv) < P^^iqv, q)Pmg{l ~ v + qv,l). 

Monotonicity of Qm yields 

q'i^9m,iqv)il -v)gm^{l - v + qv) < P^^{0,qv)Pm^{q,l - v + qv) 

<Pm,{qv,q)P^^{q+il-q){l-v)A) 
< q{l - v)gn,,{qv+)v{l - q)gm,{{l -v + qv)+), 

hence we obtain 

Pm,{0, qv)PmM^ l-v + qv) = PmM^^ Q)Pm,il -v + qv,l). (13) 

Equation f|T3l) implies that 

_^ ag ^ Pm,{0,q) ^ Pm,{0,qv) ^ Pm,{qv,q) 

Pm,{l-v + qv,l) P^^{q,l-v + qv)' ^ ^ 

therefore 

q 9m„ 

I - q gm,iil ~ V + qv)+) - Prn,il-v + qv,l) 

PmAqv,q) ^ q 9ra„ 



Pm,{qA-v + qv) l-qgm^l-v + qv)' 
and hence 

Cq{l - q)gm,{{l - v{l - q))+) = qgm,{qv) (15) 

for all V G (0, 1]. The left-hand side is increasing in v, whereas the right-hand 
side is decreasing in v. Both sides are left-continuous. This implies that 



for two constants Ci > C2. We have 



ci, we{0,q], 
C2, we{q,l\, 



1 = mg((0, 1]) = / gm{v)dv = qci + {1 - q)c2 
Jo 

and by ([IS]) 

Cg{l - q)c2 = qci, 

hence 

1 = Cg{l - q)c2 + (1 - q)c2 = C2(l - g)(l + Cq) 
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which yields 



^m,H = r. ,,,, , ^, (16) 



The inequahty Ci > C2 is equivalent to > q. By the definition of and 
f|T6|) we obtain that 

where dg^i, dg^2 fulfil dg i + rfg 2 = 1, 

1 — an 



1-g 
Therefore 

^ _ 1 ^ _ ~g 

— -L ~ "0,2 — • 

1 — g 

For any m & Ai equation f[T^ implies 



l-?5'm((l -^ + 9^) + ) Pmil-V + qV,l) l-ttg 

If p < g G (0, 1), let V = p/q- Then the above inequality implies 

q ap{l-p) ^ ag 



l-q{l-ap)p l-aq' 
On the other hand, we also obtain with v < {1 — p)/{l — q), that 

P 



< —■ 

l-p{l-ag)q 1 - ttp 

Hence for p,q G (0, q*) we obtain that 

(1 -«g)9 _ (1 - «p)P =.ce(0 1] 
aq(l-g) ap(l-j9) 

If C = 0, this implies ap = 1, which is a contradiction. This means that we 
can express ap in terms of C and p G (0, 1) as 

P 



ap 



C(l -p) +p' 



Let flu, be defined as in the statement of Theorem I4.1[ Let m E A4. 
Suppose there exists a p G (0, 1) such that gm{p) < Qe{p) = gmp{p+) Mono- 
tonicity of gm implies that gm{v) < gmp{v) for v G {p, 1]. Therefore 



1 



gm{v)dv < I g {v)dv = 1 - ap = inf / g^{v)dv, 
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which yields the desired contradiction. If there is a p G (0, 1) such that 
9m{p) > Qu{p) = 9mp{p), then we obtain 

gm{v)dv> / gmp{v)dv = sup / gm{v)dv. 

Jo m£M Jo 

The last claim of the theorem follows because 



C{l-p) 

C{1 — p) + p m<^M , 



l-ap = 3— t: = . / 9rn{v)dv. 



If gmiv)dv = c'(i-p)lp some p G (0, 1), then 

gm{v)dv = 1 - Op = gmp{v)dv, 
Jp 

which we have shown to imply m = nip. □ 



5 Discussion 



In this paper we have shown that spectral risk measures are not elicitable, 
so it is unclear if and how it is possible to evaluate point forecasts for such 
measures in a decision theoretically sound manner. In other words, objective 
comparison and backtesting of competing estimation procedures for spectral 
risk measures is difficult, if not impossible. 

A possible solution to the problem could be working with probabilistic 
forecasts for Y in the following way. Suppose that an empirical loss distribu- 
tion Fy for Fy has been estimated. Usually, using this estimated distribution, 
the forecast p{Fy) for the risk measure p(Y) = p^Fy) of Y is calculated, and 
all further verification and backtesting of the model and estimation proce- 
dure are solely based on p{Fy). Alternati vely, one could directl y assess the 



probabilistic forecast Fy; see for example iDiebold et al.l fll998l ): iBerkowitz 



(1200 ll ) . Compet ing forecasts could be compa re d using proper scoring rules 



see for example iGneiting and Rafteryl (120071 ) . iGneiting and RanjanI (120111 ) 
propose a method to compare density forecasts with emphasis on different 
regions of interest, such as the center or the tails of the distributions. If the 
aim is to accurately predict a functional focussed on the tails, such as ES, 
thi s approach seems promising. 

McNeil and FrevI (120001 ) propose a statistic, called exceedance residuals, 



fo r backtesting ES, w hich can be interpr eted as a scor e , and is used as such 



m 



Chun et al.l (120121 . Section 5); see also McNeil et al.l (120051 Section 4.4.3). 
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This score is not a scoring function in the sense of this paper, as it depends on 
two functionals of the future outcome Y, namely on VaRQ,(y) and ESQ,(y). 
Potentially, it is necessary and useful to extend the concept of elicitability 
in order to put their construction into a decision th eoretic framework. A 



useful notion may be k-elicitability as introduced in iLambert et al.l (12008 
Definition 1 1). 



Finally, ICont et al.l ( 120101 ) propose to rethink the necessity of the sub- 
additivity axiom as it is in conflict with robustness of risk measurement 
procedures for spectral risk measures; cf . Section [1] Supporting their sugges- 
tion, we believe that elicitability is also a crucial requirement that should be 
taken into consideration when choosing a risk measure, if probabilistic fore- 
cast evaluation is not an option. Given their appealing statistical properties 
the potential of expectiles as risk measures should be further investigated. 
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